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We discuss time-dependent gravitational fields that “accelerate” free test particles
to the speed of light resulting in cosmic double-jet configurations. It turns out
that complete gravitational collapse along a spatial axis together with corresponding
expansion along the other two axes leads to the accelerated motion of free test
particles up and down parallel to the collapse axis such that a double-jet pattern is
asymptotically formed with respect to the collapsed configuration.
PACS numbers: 04.20.Cv, 98.58.Fd
I. INTRODUCTION
In recent papers on gravitomagnetic jets [1], a Ricci-flat solution of Einstein’s gravitational
field equations has been employed to show that in a proper spacetime region devoid of matter
and singularities, it is possible for free test particles to “accelerate” under gravity alone so
2as to approach the speed of light. The spacetime metric is in this case [1]
ds2 = etdΣ2 + e−tdz2, (1)
where dΣ2 is a stationary 3D metric given by
dΣ2 =
Xr
X
(−X2dt2 + 1
r3
dr2) +
1
r
(−Xdt+ dφ)2. (2)
The spacetime metric has signature +2 and we use units such that c = 1 throughout. In
Eq. (2), Xr = dX/dr and X is an appropriate solution of the differential equation
r2X2Xrr +Xr = 0. (3)
In this rotating cylindrically symmetric spacetime, the geodesics for a fixed value of
the radial coordinate r generally propagate up and down along helical paths around the
rotation axis z and their speeds eventually approach the speed of light as t → ∞. These
gravitomagnetic jets are attractors. The motion of such free test particles is measured with
respect to the congruence of fundamental observers in the background spacetime domain;
by definition, these hypothetical test observers are all at rest in space. The introduction of
such “comoving” observers is in keeping with the way the speeds of astrophysical jets are
directly measured.
A common feature of quasars and active galactic nuclei is the occurrence of relativistic
outflows in the form of a double jet propagating up and down, presumably along the rotation
axis of a central “engine.” Similar phenomena are also observed, but on a much smaller scale,
in microquasars, which are certain X-ray binary systems in our galaxy. The speeds of such
astrophysical jets can be directly determined from the rate of movement of plasma clumps
in the jet relative to certain more permanent features of the ambient medium.
The purpose of this Letter is to demonstrate the occurrence of cosmic double-jet con-
figurations in certain simple time-dependent solutions of Einstein’s equations that involve
simultaneous collapse along a spatial axis and expansion along the other axes. Therefore, we
examine the motion of free test particles with respect to the comoving observers of the back-
ground dynamic spacetime; that is, measurements are performed by a fundamental family
of comoving observers that are all at rest in space with four-velocity vector
Uµ = (−gtt)−1/2δµ0. (4)
3Here only positive square roots are considered throughout. For these special observers, the
corresponding tetrad frame is λµ(α), λ
µ
(0) = U
µ, and the four-velocity vector of a free particle
as determined by the background comoving observers along its world line is then
u(α) = uµλ (α)µ := γ(1,v). (5)
As t→∞ along the special geodesics in [1], v2 → 1 and γ →∞; indeed, this divergence is
an observer-independent property as a consequence of local Lorentz invariance, and is the
central feature of gravitomagnetic jets.
When γ →∞, the free test particle has gained — in an invariant sense — an enormous
amount of energy from the background gravitational field. A pointwise discussion of grav-
itational energy is problematic within general relativity due to Einstein’s local principle of
equivalence. Moreover, since the main issues here involve the ultrarelativistic regime, there is
no Newtonian analog that could help clarify the situation. In any case, it should be pointed
out that for an extremely energetic particle with γ → ∞, the test particle approximation
breaks down; therefore, background fields that exhibit this property are in a certain sense
unstable.
Inspection of how the “acceleration” to the speed of light comes about in solution (1)–(3)
reveals that the “collapse” along the rotation axis z and the simultaneous expansion along
the other spatial axes are crucial. To verify this interpretation, we consider the Kasner
spacetime in detail and demonstrate the efficacy of this concept.
II. KASNER SPACETIME
Let us study the behavior of timelike geodesics in the standard Kasner metric [2]
ds2 = −dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2, (6)
p1 + p2 + p3 = p
2
1 + p
2
2 + p
2
3 = 1. (7)
We assume that p1 < p2 < p3; that is,
− 1
3
≤ p1 ≤ 0, 0 ≤ p2 ≤ 2
3
,
2
3
≤ p3 ≤ 1. (8)
In this prototypical expanding anisotropic cosmological model, coordinates are admissible
for t ∈ (0,∞), t = 0 at the singularity and (−g)1/2 = t. The Ricci-flat Kasner solutions of
4the Einstein field equations are indispensable in the theoretical studies of the behavior of
generic cosmological models on approach to the singularity [3, 4]. The Kasner models [5]
are algebraically general (Petrov type I) and spatially homogeneous (Bianchi type I).
Imagine a timelike geodesic world line with unit tangent vector uµ = dxµ/dτ , where
xµ = (t, x, y, z). It follows from the existence of the Killing vectors ∂x, ∂y and ∂z that the
components of the four-velocity vector of a geodesic along these Killing vectors are constants
of the motion; that is,
t2p1
dx
dτ
= C1, t
2p2
dy
dτ
= C2, t
2p3
dz
dτ
= C3, (9)
where C1, C2 and C3 are constants. From u
µuµ = −1 and the assumption that t increases
with proper time τ along the geodesic, we find
dt
dτ
= (1 + C21 t
−2p1 + C22 t
−2p2 + C23 t
−2p3)1/2. (10)
For C1 = C2 = C3 = 0, we have geodesic “observers” that are comoving with the Kasner
background. These fundamental observers (that are spatially at rest) have orthonormal
tetrads λµ(α), where λ
µ
(0) = U
µ = δµ0 and
λµ(1) = (0, t
−p1, 0, 0), λµ(2) = (0, 0, t
−p2, 0),
λµ(3) = (0, 0, 0, t
−p3).
(11)
We are interested in the motion of free test particles relative to the “ambient medium,”
characterized here by the hypothetical set of test observers with (C1, C2, C3) = 0. Therefore,
we assume that (C1, C2, C3) 6= 0 for free test particles under consideration here. Then, for
the speed of such a particle with respect to the fundamental observers, one finds from Eq. (5)
that γ = dt/dτ , which is given by Eq. (10), and
γvx = C1t
−p1, γvy = C2t
−p2, γvz = C3t
−p3. (12)
It is now straightforward to see that as t → ∞, vx → C1/|C1|, vy → 0 and vz → 0, which
defines a double-jet configuration. Moreover, for the class of particles with C1 = 0, v → 0
as t → ∞ . Except for this measure-zero set of geodesic particles that are asymptotically
at rest with respect to the background comoving observers (“ambient medium”), free test
particles in Kasner spacetime for t→∞ move ultrarelativistically, up to the speed of light,
up and down parallel to the direction in which space is contracting, while parallel to the
5expanding directions, the corresponding speeds tend to zero. We call the resulting double-
jet configuration a speed-of-light attractor. The dynamical system consisting of timelike
geodesics does not have an attractor (or repellor) in the usual sense, as the speed of light is
beyond the reach of a timelike geodesic test particle. Let us note that some of the notions
illustrated here for t → ∞ apply equally well for t → 0. Indeed, it follows from Eq. (12)
that for t→ 0,
vx → 0, v2y + v2z → 1. (13)
That is, as t→ 0, there is expansion along the x direction and contraction along the other two
spatial directions in Eq. (6); therefore, free test particles move with speeds that approach the
light speed at early times as well, with their speeds vanishing along the expanding direction.
On the other hand, the t → 0 configuration is a repellor. These aspects of free particle
motion in Kasner spacetime are illustrated in Figure 1.
We expect the existence of spacetimes with local speed-of-light attractors. That is, as
t → ∞, γ → ∞ with respect to the ambient medium is a feature that would be restricted
to a congruence of timelike geodesics instead of all timelike geodesics not in the ambient
medium as in the Kasner spacetime.
III. KASNER-LIKE SOLUTION WITH MATTER
There are many Kasner-like solutions of general relativity with matter — see chapter 13
of Ref. [5]. The two cases of gravitational “acceleration” that we have discussed thus far
occur in vacuum spacetimes; therefore, it is interesting to consider a Kasner-like solution
with matter.
It turns out that Kasner metric (6) is consistent with the existence of a comoving perfect
fluid source of density ρ and pressure P provided
p1 + p2 + p3 = 1, p
2
1 + p
2
2 + p
2
3 = Q
2 ≤ 1. (14)
Then,
P = ρ =
1−Q2
16piGt2
, (15)
so that for Q2 = 1 the Ricci-flat Kasner spacetime is recovered. In connection with the
necessity of the stiff equation of state P = ρ in this case, see chapter 11 of Ref. [5] and the
references cited therein.
6C1 £ 0C2 ³ 0
C1 ³ 0C2 ³ 0
C1 ³ 0C2 £ 0
C1 £ 0C2 £ 0
1
1
-1
-1
vx
vy
FIG. 1: If in Eq. (12), we let C3 = 0 and consider p1 = −1/3, p2 = p3 = 2/3; then, vx = C1t1/3/γ,
vy = C2t
−2/3/γ and vz = 0, where γ = (1 + C
2
1 t
2/3 + C22t
−4/3)1/2. These are plotted here for
C1 = ±1 and C2 = ±1. The arrows represent the direction of t : 0→∞ for various combinations of
(C1, C2) as indicated in each quadrant. We note that vx = ±1 corresponds to a cosmic double-jet
configuration that is a speed-of-light attractor, while vy = ±1 corresponds to a configuration that
is a speed-of-light repellor.
The geodesics in this case behave exactly as before if we make sure that p1 < 0, p2 > 0
and p3 > 0. For instance, let p2 = p3 for simplicity; then, it is possible to assume that
p1 = −1
3
+ 2η, p2 = p3 =
2
3
− η, (16)
where η is given by
η =
1
3
−
(3Q2 − 1
18
)1/2
. (17)
Hence, p1 < 0 and p2 = p3 > 0 if Q
2 > 1/2; therefore, we choose Q2 such that 1 > Q2 > 1/2
in Eq. (15). We note that the background perfect fluid in this case plays the role of the
fundamental observers.
To provide a physical interpretation of this result, imagine particles of the background
ambient medium at rest along the x axis. In time, the proper distance between these
particles shrinks to zero, while in a similar situation the proper distance between background
7particles along the y (or z) axis expands to infinity; that is, in time, the ambient medium
collapses along the x axis to a pancake-like configuration in the (y, z) plane. However, free
test particles that are not part of the background medium and initially move with nonzero
velocity relative to the background medium get accelerated to the speed of light parallel to
the shrinking x axis, forming a jet-like configuration up and down parallel to this axis as
they lose their velocities along the other axes. The connection to actual jets would probably
involve MHD considerations to confine and collimate the particles where magnetic fields are
strong, while in other regions such energetic particles simply escape.
As mentioned before, the features we have discussed persist even in the opposite limit
of t → 0; indeed, the Kasner metric approaches a cigar-like configuration as the x axis
expands while the y and z axes shrink. Then, vx → 0 while γ →∞. The unstable cigar-like
configuration thus undergoes gravitational collapse to a stable pancake-like configuration as
t goes from 0→∞.
Thus far we have studied timelike geodesics in simple anisotropic cosmological models
involving simultaneous collapse along one spatial direction and expansion along the other
two spatial directions. It is interesting to note that some aspects of the geodesic phenomena
under consideration here can be illustrated even in the standard spatially homogeneous and
isotropic cosmological models. To this end, we consider, for simplicity, the Einstein-de Sitter
model.
IV. EINSTEIN-DE SITTER MODEL
The metric of the Einstein-de Sitter universe is
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2), (18)
where a(t) = (t/t0)
2/3 and t0 denotes the present epoch. The source here is comoving dust
(P = 0) with density ρ = (6piGt2)−1. The same procedure as above gives, for peculiar
velocity of a free test particle relative to the Hubble flow,
vx =
C1√
a2 + C2
, vy =
C2√
a2 + C2
,
vz =
C3√
a2 + C2
, γ =
√
1 +
C2
a2
,
(19)
8where C2 = C21 + C
2
2 + C
3
3 . As t → ∞ , a → ∞, γ → 1, vx → 0, vy → 0 and vz → 0.
Moreover, as t→ 0, a→ 0 and γ →∞; that is, v2 → 1 with
vx → C1|C| , vy →
C2
|C| , vz →
C3
|C| . (20)
V. DISCUSSION
The spacetimes considered in this Letter involve similarity solutions of general rela-
tivity [5–7]. For the gravitomagnetic jets, for instance, the generator of homothety is
ξ = ∂t + z∂z , so that we have ξµ;ν + ξν;µ = gµν . Our examples are neither spatially compact
nor asymptotically flat—these are general features of similarity solutions of general relativ-
ity according to [8]. The observational evidence in support of self-similarity in astrophysical
jets has been discussed in [9–11] and the references cited therein. It remains to see if self-
similarity will turn out to be a characteristic feature of all dynamic gravitational fields that
exhibit “acceleration”/“deceleration” phenomena.
According to the modern version of the Kant-Laplace nebular hypothesis, formation
of structure in the universe generally follows from the collapse of a swirling cloud of gas
and dust. The rotating and contracting cloud is characterized by a rotation axis along
which matter collapses to a disk and thus there is contraction along the rotation axis and
expansion along the other two spatial axes. In extreme situations, illustrated in this work
via exact solutions of general relativity, this circumstance can lead to the “acceleration” of
free particles to the speed of light relative to the ambient medium, resulting in jets parallel
and antiparallel to the rotation axis. We speculate that in realistic situations the underlying
physics should persist thus forming the usual astrophysical double-jet configuration. That
is, when matter undergoes gravitational collapse, nearby free test particles moving in the
resulting dynamic gravitational field can accelerate up and down parallel to the direction of
collapse to form a double-jet structure with respect to the collapsing system. This conception
of the origin of cosmic jets has been discussed here in the context of certain exact solutions
of general relativity, but may apply more generally. In terms of the Newtonian gravitational
potential, the contraction along the rotation axis produces negative Newtonian gravitational
energy, which can in part be balanced by the positive kinetic energy of nearby free test
particles moving up and down parallel to the rotation axis and accelerating to high speeds
with respect to the ambient collapsing medium. The more extreme the collapse is, the higher
9the expected jet speed, so that in the ultimate limit of the collapse to an infinitely thin disk
the jet speed would then approach the speed of light in accordance with the exact solutions
of the gravitational field equations discussed in this work. It is important to emphasize
that this purely gravitational mechanism for jet formation only operates while gravitational
collapse is taking place. The jets are up and down geodesic outflows normal to the plane
of the resulting accretion disk. Most of these free particles escape as cosmic rays, but the
ones near the core may encounter a strong magnetic field that could help to confine and
collimate them into narrow astrophysical jets along the rotation axis. To maintain such an
initial double-jet configuration over time, however, would necessitate an appropriate MHD
environment. These ideas may provide the physical basis for the origin of jets in star-forming
regions [12].
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